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Abstract Populations are either enhanced via resonant cycles or suppressed via
attenuant cycles by periodic environments. We develop a signature function for
predicting the response of discretely reproducing populations to 2-periodic fluctu-
ations of both a characteristic of the environment (carrying capacity), and a charac-
teristic of the population (inherent growth rate). Our signature function is the sign
of a weighted sum of the relative strengths of the oscillations of the carrying capac-
ity and the demographic characteristic. Periodic environments are deleterious for
populations when the signature function is negative. However, positive signature
functions signal favorable environments. We compute the signature functions of
six classical discrete-time single species population models, and use the functions
to determine regions in parameter space that are either favorable or detrimen-
tal to the populations. The two-parameter classical models include the Ricker,
Beverton-Holt, Logistic, and Maynard Smith models.

Keywords Attenuance · Periodic carrying capacity · Periodic demographic
characteristic · Signature function · Resonance

1. Introduction

The importance of the carrying capacity and the demographic characteristic of

A2

a population (growth rate), both in controlling population growth and predict-
ing population trends in constant or periodic environments, in real-world popu-
lations is well-established (Moran, 1950; Nicholson, 1954; Ricker, 1954; Beverton
and Holt, 1957; Utida, 1957; Pennycuick et al., 1968; Smith, 1968; Hassell, 1974;
May, 1974a,b; Smith, 1974; Hassell et al., 1976; May and Oster, 1976; May, 1977;
Coleman, 1978; Fisher et al., 1979; Jillson, 1980; Rosenblat, 1980; Nisbet and
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Gurney, 1982; Nobile et al., 1982; Coleman and Frauenthal, 1983; Rosenkranz,
1983; Kot and Schaffer, 1984; Cull, 1986; Cull, 1988; Rodriguez, 1988; Yodzis, 1989;
Li, 1992; Kocic and Ladas, 1993; Elaydi, 1994; Begon et al., 1996; Henson and
Cushing, 1997; Costantino et al., 1998; Henson, 1999; Henson et al., 1999; Elaydi,
2000; Henson, 2000; Cushing and Henson, 2001; Selgrade and Roberds, 2001;
Elaydi and Yakubu, 2002; Cull, 2003; Elaydi and Sacker, 2003, 2005, in press-a,b;
Yakubu, 2005; Kocic, in press; Kon, in press-a,b). In constant environments, many
classical, discrete-time single-species, population models have at least the two pa-
rameters, carrying capacity and demographic characteristic of the species (Moran,
1950; Nicholson, 1954; Ricker, 1954; Beverton and Holt, 1957; Pennycuick et al.,
1968; Smith, 1968; Hassell, 1974; May, 1974a,b; Smith, 1974; Hassell et al., 1976;
May and Oster, 1976; May, 1977; Nisbet and Gurney, 1982; Rosenkranz, 1983; Cull,
1986, 1988, 2003; Yodzis, 1989; Begon et al., 1996; Elaydi, 2000; Cushing and Hen-
son, 2001; Franke and Yakubu, 2005a,b,c). What are the responses of these popula-
tions to periodic fluctuations in the two or more parameters? Are the populations
adversely affected by a periodic environment relative to a constant environment?

The controlled laboratory experiments of Jillson with a periodic food supply
resulted in oscillations in population size of the flour beetle (Tribolium). In the
alternating habitat, the total population numbers observed were more than twice
those in the constant habitat even though the average flour volume was the same
in both environments (Jillson, 1980; Henson and Cushing, 1997; Costantino et al.,
1998; Henson, 1999, 2000; Henson et al., 1999; Cushing and Henson, 2001; Franke
and Selgrade, 2003). Mathematical analysis and laboratory experiments were used
in Henson and Cushing (1997), Costantino et al. (1998), Henson (1999, 2000),
Henson et al. (1999) to demonstrate that it is possible for a periodic environment
to be advantageous for a population. Others have used either the logistic differ-
ential or difference equations to show that a periodic environment is deleterious
(PColeman, 1978; Rosenblat, 1980; Coleman and Frauenthal, 1983; Cushing and
Henson, 2001). That is, the average of the resulting oscillations in the periodic en-
vironment is less than the average of the carrying capacities in corresponding con-
stant environments. Cushing and Henson obtained similar results for 2-periodic
monotone models (Cushing and Henson, 2001). Elaydi and Sacker (2003, 2005, in
press-a,b), Franke and Yakubu (2005a,b), Kocic (in press), and Kon (in press-a,b)
have since extended these results to include p-periodic Beverton–Holt population
models with or without age-structure, where p > 2. These results are known to be
model-dependent (Cushing and Henson, 2001). In almost all the theoretical stud-
ies, with only a few exceptions (see Elaydi and Sacker, 2003, 2005, in press-a,b;
Franke and Yakubu, 2005a,b,c), only the carrying capacity of the species (one pa-
rameter) is periodically forced.

Periodic fluctuations, common in nature, usually diminish (enhance) popula-
tions via attenuant (resonant) stable cycles. In this paper, we focus on the ef-
fects of 2-periodic forcing of both carrying capacity and demographic characteristic
of species on discretely reproducing populations. Although this is a 2-parameter
problem, the bifurcation is asymmetric in the parameters. That is, variation only in
carrying capacity generates a 2-cycle but variation only in demographic character-
istics does not; whenever the 2-cycle bifurcates from the carrying capacity (fixed
point). It is known that unimodal maps under period-2 forcing in the parameters
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routinely have up to three coexisting 2-cycles. This was shown for the Logistic map
by Kot and Schaffer (1984), and for the Ricker map by Rodriguez (1988).

We show that, the relative strengths of the oscillations of carrying capacity and
demographic characteristics are critical factors in determining whether popula-
tions are either diminished or enhanced. We develop a signature function, Rd, for
determining whether the average total biomass is suppressed via attenuance stable
2-cycles or enhanced via resonance stable 2-cycles. Rd is the sign of a weighted sum
of the relative strengths of the oscillations of carrying capacity and demographic
characteristic of species. We demonstrate that, when oscillations are small and the
environment is 2-periodic the population diminishes when Rd is negative, while
the population is enhanced when Rd is positive. Consequently, a change in rela-
tive strengths of oscillations of carrying capacity and demographic characteristic
of a species is capable of shifting population dynamics from attenuance to reso-
nance cycles and vice versa. Typically, this dramatic shift is not possible in popula-
tion models with a single fluctuating parameter (Henson, 1999). To illustrate this
in specific ecological population models, we compute Rd for six classical, single-
species discrete-time models (Ricker, 1954; Beverton and Holt, 1957; Pennycuick
et al., 1968; Smith, 1968; Hassell, 1974; Smith, 1974) (including the Beverton–Holt,
Ricker, and Maynard Smith periodic models), and provide parameter regimes for
the occurrence of stable attenuant and resonant cycles in the models.

Section 2 introduces a general framework for studying the impact of environ-
mental fluctuations on discrete-time population models with two or more fluctu-
ating parameters. Six classical, single-species discrete-time, population models, in-
cluding the Beverton–Holt, Ricker and Maynard Smith models, are examples of
the general model. Also, in Sect. 2, precise mathematical definitions of attenuant
and resonant cycles are stated. In Sect. 3, we prove that small 2-periodic perturba-
tions of carrying capacity and demographic characteristic of populations produce
2-cycle populations. Henson used a small perturbation of only one parameter, the
carrying capacity, to obtain a similar result (Henson, 1999). The signature func-
tion, Rd, for 2-species Kolmogorov type discrete-time population models with 2-
periodic forcing of two parameters is introduced in Sect. 3. Rd for six classical,
single-species, (parametric) population models, and regions in parameter space
for the support of attenuant or resonant cycles in the models are given in Sect. 4.
In Sects. 3, 4, and 5, we assume that a 2-cycle must, for small forcing, be close to
the carrying capacity. However, the carrying capacity does not have to be the only
source of 2-cycles.

To compute Rd for the other coexisting 2-cycles, we assume in Sects. 6, 7, and 8,
that as forcing is introduced into the system two 2-cycles bifurcate from a 2-cycle
which is present in the unforced system. That is, we assume that two 2-cycles “come
off of” (the two different phases of) a 2-cycle in the unforced model. In Sect. 6, we
prove that small 2-periodic perturbations of a 2-cycle of the unforced system pro-
duce two 2-cycle populations. Signature functions, Rd, for 2-species Kolmogorov-
type, discrete-time, population models with 2-periodic forcing of 2-cycles are intro-
duced in Sect. 7. Rd for the Ricker and Logistic models, and regions in parameter
space for the support of attenuant or resonant coexisting 2-cycles in the models
are given in Sect. 8. The implications of our results are discussed in Sect. 9, and
technical details of the Rd derivation are given in the Appendix.
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2. Classical parametric population models

Most single species ecological models have two or more model parameters. In
1999, Henson studies the effects of 2-periodic forcing of a single model parame-
ter, the carrying capacity, on the average biomass. To study the combined effects
of 2-periodic forcing of two model parameters, the carrying capacity and the demo-
graphic characteristic of the species, we consider population models of the general
form

x(t + 1) = x(t)g(k, r, x(t)), (1)

where x(t) is the population size at generation t , r is the demographic characteristic
of the species, and k is the carrying capacity, i.e., g(k, r, k) = 1. The per capita
growth rate g ∈ C3(

◦
R+ ×

◦
R+ ×

◦
R+, ) where

◦
R+ = [0,∞) and

◦
R+ = (0,∞).

For each pair of positive constants k and r, define

fk,r : R+ → R+

by

fk,r (x) = xg(k, r, x).

The set of iterates of fk,r is equivalent to the set of density sequences generated by
Model (1).

Table 1 is a list of specific classical examples of (Model 1) from the literature.
Model I and Model II in Table 1 are the classic Ricker and Beverton–Holt models,
respectively. The carrying capacity, k, is a globally attracting fixed point for the
Beverton–Holt model for all k > 0 and r > 1. However, in Ricker’s model for
all k > 0, the carrying capacity is a globally attracting fixed point when 0 < r < 2
(see column 3 of Table 1 for stability conditions) and locally repelling when r > 2

Table 1 Examples of multiparameter population models.

Model Parameters giving stable
number Model carrying capacity, k > 0 References

I fk,r (x) = x exp(r(1 − x
k )) 0 < r < 2 Moran (1950)

Ricker (1954)
Smith (1974)
May (1974a,b)
Fisher et al. (1979)

II kr x
k+(r−1)x 1 < r Beverton and Holt (1957)

May (1974a,b)
III x(1 + r − r x

k ), 0 < r < 2 Logistic model (Elaydi, 2000)

0 ≤ x ≤ k(1+r)
r

IV (1+k)r x
(1+x)r 0 < r <

2(1+k)
k Hassell (1974)

V k2r x
k2+(r−1)x2 1 < r Smith (1974)

VI kcr x
kc+(r−1)xc 1 < r, c(r − 1) < 2r Smith (1974)
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(Moran, 1950; Nicholson, 1954; Ricker, 1954; May, 1974a,b, 1977; May and Oster,
1976). The maximal growth rates of the populations described by the Beverton–
Holt and Ricker models are r and er , respectively.

When both the carrying capacity and the demographic characteristics are
2-periodically forced, then Model (1) becomes

x(t + 1) = x(t)g(k (1 + α(−1)t ), r(1 + β(−1)t ), x(t)), (2)

where the relative strengths of the perturbations α, β ∈ (−1, 1). Unimodal maps
with period-2 forcing routinely have up to three coexisting 2-cycles. For the logis-
tic and Ricker maps, these results were obtained by Kot and Schaffer (1984) and
Rodriguez (1988), respectively. In Sect. 4, we study all six 2-periodically forced
examples of Table 1.

When

x1 = x0g(k(1 + α), r(1 + β), x0)

and

x0 = x1g(k(1 − α), r(1 − β), x1),

then {x0, x1} is a 2-cycle for Model (2). Depending on model parameters, 2-periodic
dynamical systems have globally stable 2-cycles (Franke and Yakubu, 2005a,b,c).
In the next section, we obtain conditions for the global stability of the 2-cycle of
Model (2) under the assumption that the 2-cycle must, for small forcing, be close to
the carrying capacity. In general, the carrying capacity does not have to be the only
source of 2-cycles. The other two 2-cycles come off of the 2-cycle in the unforced
logistic and Ricker maps.

When a 2-cycle comes off of the carrying capacity k, we use the following defini-
tion to compare the average of the 2-cycle with the carrying capacity k.

Definition 1. A 2-cycle of Model (2) is attenuant (resonant) if its average value is
less (greater) than the carrying capacity k (Cushing and Henson, 2001).

Next, we introduce similar definitions for attenuant and resonance 2-cycles that
are perturbations of 2-cycles. When a 2-cycle comes off of the 2-cycle of the un-
forced model, {x, y}, we use the following definition to compare the average of the
2-cycle with the average of {x, y}.

Definition 2. A 2-cycle of Model (2) is attenuant (resonant) if its average value is
less (greater) than x+y

2 .

When two 2-cycles come off of the 2-cycle of the unforced model, {x, y}, we use
the following definition to compare the average of the two 2-cycles together with
the average of {x, y}.

Definition 3. Let {x0, x1} and {y0, y1} denote two coexisting 2-cycles of Model (2)
that come off of {x, y}. Together, {x0, x1} and {y0, y1}, are attenuant (resonant) if
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their average value

x0 + y0 + x1 + y1

4

is less (greater) than x+y
2 .

By these definitions, attenuant and resonant cycles refer to a decrease and an
increase in average total population sizes, respectively.

3. 2-cycle population oscillations: 2-cycle bifurcation from unforced
carrying capacity

Henson (1999) showed that small perturbations of a single parameter can generate
population cycles of period 2. In this section, as in Kot and Schaffer (1984) and
Rodriguez (1988), we illustrate that small 2-periodic perturbations of the carrying
capacity and the demographic characteristic of populations governed by Model (1)
produce 2-cycle populations, {x0, x1} with x0 and x1 near k. This 2-cycle reduces to
the carrying capacity in the absence of period-2 forcing in the parameters.

Theorem 4. Suppose

∂g
∂x

∣∣∣∣
(k,r,k)

�= 0

and

∂g
∂x

∣∣∣∣
(k,r,k)

�= −2
k
.

Then for all sufficiently small |α| and |β|, Model (2) has a 2-cycle population

{x0 = x0(α, β), x1 = x1(α, β)},
where

lim
(α,β)→(0,0)

x0(α, β) = lim
(α,β)→(0,0)

x1(α, β) = k

and x0(α, β), x1(α, β) are C3 with respect to α and β. If the carrying capacity, k,
is locally asymptotically stable (unstable), then the 2-cycle is locally asymptotically
stable (unstable).

Proof: Let

F(α, β, k, r, x) = fk(1−α),r(1−β) ◦ fk(1+α),r(1+β)(x).

To prove this result, we look for fixed points of the composition map

F(α, β, k, r, x) = xg(k(1 + α), r(1 + β), x) g(k(1 − α), r(1 − β),

xg(k(1 + α), r(1 + β), x)).
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Note that F(0, 0, k, r, k) = k and

∂ F
∂x

∣∣∣∣
(0,0,k,r,k)

=
(

1 + k
∂g
∂x

∣∣∣∣
(k,r,k)

)2

.

Since ∂g
∂x |(k,r,k) �= 0 and ∂g

∂x |(k,r,k) �= − 2
k, ∂ F

∂x |(0,0,k,r,k) �= 1. The Theorem follows from
a direct application of the Implicit Function Theorem to F . �

The carrying capacity, k, is a hyperbolic fixed point of fk,r if | dfk,r

dx (k)| �= 1. When
k is a hyperbolic fixed point of fk,r , then ∂g

∂x |(k,r,k) �= 0, ∂g
∂x |(k,r,k) �= − 2

k and the fol-
lowing result is immediate.

Corollary 5. If the carrying capacity is a hyperbolic fixed point of Model (1), then
for all sufficiently small |α| and |β|, Model (2) has a 2-cycle population

{x0 = x0(α, β), x1 = x1(α, β)},
where

lim
(α,β)→(0,0)

x0(α, β) = lim
(α,β)→(0,0)

x1(α, β) = k

and x0(α, β), x1(α, β) are C3 with respect to α and β. If the carrying capacity, k,
is locally asymptotically stable (unstable), then the 2-cycle is locally asymptotically
stable (unstable).

By Corollary 5, Table 1 gives parameter regimes for the occurrence of a locally
stable 2-cycle in six specific population models under small period two perturba-
tions of the carrying capacity and the demographic characteristic of the species.
Since these population models can have up to three coexisting 2-cycles (two stable
and one unstable), these are not the only such parameter regimes.

4. Resonance versus attenuance: 2-cycle bifurcation from unforced
carrying capacity

Small perturbations of a single parameter usually generate either attenuant or res-
onant cycles, but not both (Henson, 1999). We show that small perturbations of the
carrying capacities and the demographic characteristics of the species (two param-
eters) generate both attenuant and resonant 2-cycles, depending on the relative
strengths of the fluctuations. In this section, as in the previous section, we assume
that the 2-cycle must, for small forcing, be close to the carrying capacity. For this
2-cycle, we develop a signature function, Rd, for determining whether the average
total biomass is suppressed via attenuance or enhanced via resonance.

When the carrying capacity, k, is a hyperbolic fixed point of fk,r , Corollary 5
guarantees that the 2-cycle solution of Model (2) can be expanded in terms of α
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and β as follows:

x0(α, β) = k + x01α + x02β + x011α
2 + x012αβ + x022β

2 + R0(α, β), (3)

where x01, x02, x011, x012, andx022 are the coefficients and lim(α,β)→(0,0)
R0(α,β)
α2+β2 = 0.

The expansion of the second point in the 2-cycle in terms of α and β is as follows:

x1(α, β) = k + x11α + x12β + x111α
2 + x112αβ + x122β

2 + R1(α, β), (4)

where x11, x12, x111, x112, andx122 are the coefficients and lim(α,β)→(0,0)
R1(α,β)
α2+β2 = 0.

We will use the following two auxiliary lemmas concerning the coefficients in
Eqs. (3) and (4) to establish the following expression for the average of the 2-cycle:

x0(α, β) + x1(α, β)
2

= k + (x011 + x111)
2

α2 + (x012 + x112)
2

αβ

+ R0(α, β) + R1(α, β)
2

. (5)

Lemma 6. In Eqs. (3, 4),

x02 = x12 = x022 = x122 = 0.

Proof: When α = 0,

x0(0, β) = k + x02β + x022β
2 + R0(0, β)

and

x1(0, β) = k + x12β + x122β
2 + R1(0, β).

However, the fixed point of fk,r(1±β) is k. Thus,

fk,r(1−β) ◦ fk,r(1+β)(k) = k,

and

x0(0, β) = x1(0, β) = k.

Therefore,

x02 = x12 = x022 = x122 = 0.

�
By this result, the coefficients of the relative strength β and β2 in Eqs. (3) and (4)

are zero. The next result establishes that the sum of the coefficients of the relative
strength α in Equations (3) and (4) are zero.

Lemma 7. In Eqs. (3, 4), if

∂g
∂x

∣∣∣∣
(k,r,k)

�= 0,
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then

x01 + x11 = 0.

Proof: Since

x1(α, β) = fk(1+α),r(1+β)(x0(α, β)) = x0(α, β)g(k(1 + α), r(1 + β), x0(α, β)),

x11 = ∂ [x0(α, β)g(k(1 + α), r(1 + β), x0(α, β))]
∂α

∣∣∣∣
(α,β,k,r,x)=(0,0,k,r,k)

.

Similarly,

x0(α, β) = fk(1−α),r(1−β)(x1(α, β)) = x1(α, β)g(k(1 − α), r(1 − β), x1(α, β))

implies

x01 = ∂ [x1(α, β)g(k(1 − α), r(1 − β), x1(α, β))]
∂α

∣∣∣∣
(α,β,k,r,x)=(0,0,k,r,k)

.

Therefore,

x11 = x01

(
1 + k

∂g
∂x

∣∣∣∣
(k,r,k)

)
+ k2 ∂g

∂k

∣∣∣∣
(k,r,k)

and

x01 = x11

(
1 + k

∂g
∂x

∣∣∣∣
(k,r,k)

)
− k2 ∂g

∂k

∣∣∣∣
(k,r,k)

.

Adding produces

(x01 + x11) k
∂g
∂x

∣∣∣∣
(k,r,k)

= 0.

Since k �= 0 and ∂g
∂x

∣∣∣
(k,r,k)

�= 0,

x01 + x11 = 0. �
Let

Rd =



sign(w1α + w2β) if α > 0
0 if α = 0
−sign(w1α + w2β) if α < 0

,

where w1 = (x011+x111)
2 and w2 = (x012+x112)

2 . Rd is the sign of a weighted sum of the
relative strengths of the oscillations of the carrying capacity and the demographic
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characteristic of the species. A compact expression for Rd is

Rd = sign(α(w1α + w2β)).

In the following result, we show that Rd determines when the 2-cycle is either
attenuant or resonant.

Theorem 8. If the carrying capacity is a hyperbolic fixed point of Model (1), then
for all sufficiently small |α| and |β|, Model (2) has an attenuant (a resonant) 2-cycle
if Rd is negative (positive).

Proof: Lemmas (6, 7) establish that the average of the 2-cycle predicted in Corol-
lary 5 satisfies the equation

x0(α, β) + x1(α, β)
2

= k + (x011 + x111)
2

α2 + (x012 + x112)
2

αβ + R0(α, β) + R1(α, β)
2

= k + α (w1α + w2β) + R0(α, β) + R1(α, β)
2

.

Since, lim(α,β)→(0,0)
R0(α,β)
α2+β2 = lim(α,β)→(0,0)

R1(α,β)
α2+β2 = 0, the sign of

x0(α, β) + x1(α, β)
2

− k

is the same as the sign of α (w1α + w2β) which is Rd, for all sufficiently small |α|
and |β| and Rd �= 0. If x0(α,β)+x1(α,β)

2 − k > 0, then the 2-cycle is resonant and if
x0(α,β)+x1(α,β)

2 − k < 0, then the 2-cycle is attenuant. �

When the demographic characteristic is fluctuating but the carrying capacity is
constant (α = 0 and β �= 0), the 2-cycle degenerates into a fixed point at the car-
rying capacity. However, when the demographic characteristic is constant but the
carrying capacity is fluctuating (α �= 0 and β = 0) Theorem 8 and the definition of
Rd give the following result.

Corollary 9. If the carrying capacity is a hyperbolic fixed point of Model ( 1) and
only the carrying capacity is fluctuating (β = 0), then for all sufficiently small |α|,

Rd = sign(w1)

and Model (2) has an attenuant (a resonant) 2-cycle if w1 is negative (positive).

Population models with two periodically forced parameters are capable of expe-
riencing both resonance and attenuance. We formalize this in the following result.

Corollary 10. If the carrying capacity is a hyperbolic fixed point of Model (1),
then for all sufficiently small |α| and |β|, Model (2) has an attenuant (a resonant)
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2-cycle if w2 > 0, α > 0 and β < −w1
w2

α (β > −w1
w2

α). Also, Model (2) has an attenu-
ant (a resonant) 2-cycle if w2 < 0, α > 0 and β > −w1

w2
α (β < −w1

w2
α). Consequently,

if w2 �= 0 the model has both attenuant and resonant cycles.

Proof: If w2 > 0, α > 0 and β < −w1
w2

α, then w2β < −w1α, w1α + w2β <

0, α(w1α + w2β) < 0 and Rd is negative. Thus, Theorem 8gives that the 2-cycle is
attenuant. Similar arguments establish the rest of the proof. �

In computing Rd, one usually needs to know the values of the weights w1 and w2.
The formulas for these weights in terms of the carrying capacity, the demographic
characteristic, the per capita growth rate, g, and its partial derivatives are given in
the appendix.

5. Rd for classical 2-periodic population models: 2-cycle bifurcation
from unforced carrying capacity

In this section, we use our theorems to study the combined effects of fluctuating
carry capacity and demographic characteristic on the average total biomass of the
species that are governed by all the population models in Table 1. Specifically,
we compute Rd and use it to investigate parameter regimes of attenuance and
resonance of the 2-cycle that comes off of the carrying capacity.

5.1. Model I

When both the carrying capacity and the demographic characteristic are
2-periodically forced, then the classic Ricker model becomes

x(t + 1) = x(t)er(1+β(−1)t )
(

1− x(t)
k(1+α(−1)t )

)
. (6)

In Model I, r > 0 and k > 0. From Table 1, in constant environment, the carry-
ing capacity, k, is asymptotically stable when 0 < r < 2. If 0 < r < 2, Corollary 5
predicts a stable 2-cycle in Model (6).

To determine the effects of periodicity on the 2-cycle, we use the formulas from
the appendix to obtain that Rd = sign(α(w1α + w2β)), where

w1 = 2k
r − 2

,

w2 = − 2k
r − 2

.

Since w1 < 0 (w1 > 0) when r < 2 (r > 2), Corollary (9) predicts that when the
demographic characteristic is constant, Model (6) has an attenuant (resonant)
2-cycle.
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Fig. 1 Regions of attenuance and resonance in the α, β, r plane for the 2-periodic Ricker model.

If 0 < r < 2 and α > 0,

Rd = sign(
2k

r − 2
(α − β)) = sign(β − α),

and the 2-cycle is resonant (attenuant) when the relative strength of the fluctua-
tion of the demographic characteristic of the species is stronger (weaker) than the
relative strength of the fluctuation of the carrying capacity.

If 0 < r < 2 and α < 0,

Rd = sign(α − β).

The regions of attenuance and resonance are determined by three equations in
α, β, andr. Figure 1 shows the graphs of these three equations

α = 0, α = β, r = 2,

and the regions of attenuance, denoted by A, and resonance, denoted by R.

5.2. Model II

When both the carrying capacity and the demographic characteristic are
2-periodically forced, then the classic Beverton–Holt model becomes

x(t + 1) = x(t)
k(1 + α(−1)t )r(1 + β(−1)t )

k(1 + α(−1)t ) + (r(1 + β(−1)t ) − 1)x(t)
. (7)

In Model II, r > 1 and k > 0. From Table 1, in constant environment, the carrying
capacity, k, is always asymptotically stable. Corollary 5) predicts a stable 2-cycle in
Model (7).
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To determine the effects of periodicity on the 2-cycle, we use the formulas from
the appendix to obtain that Rd = sign(α(w1α + w2β)), where

w1 = −4kr

(r + 1)2 ,

w2 = 2kr
r2 − 1

.

Since w1 < 0, Corollary 9 predicts that when the demographic characteristic is con-
stant, Model II has an attenuant 2-cycle. This is in agreement with the results of
Cushing and Henson (2001), Elaydi and Sacker (2003, 2005, in press-a,b), Kocic
(in press), and Kon (in press-a,b).

Since r > 1, if α > 0,

Rd = sign
( −2

r + 1
α + 1

r − 1
β

)
,

and the 2-cycle is resonant (attenuant) when the relative strength of the fluctuation
of the demographic characteristic of the species is stronger (weaker) than 2(r−1)

r+1
times the relative strength of the fluctuation of the carrying capacity.

If α < 0,

Rd = sign
(

2
r + 1

α − 1
r − 1

β

)
.

The regions of attenuance and resonance are determined by two equations in
α, β, andr. Figure 2 shows the graphs of these two equations

α = 0,
2

r + 1
α = 1

r − 1
β,

and the regions of attenuance, denoted by A, and resonance, denoted by R.

5.3. Model III

When both the carrying capacity and the demographic characteristic are 2-
periodically forced, then the Logistic model becomes

x(t + 1) = x(t)
(

1 + r(1 + b(−1)t )
(

1 − x(t)
k(1 + a(−1)t )

))
. (8)

In Model III, r > 0 and k > 0. From Table 1, in constant environment, the carry-
ing capacity, k, is asymptotically stable when 0 < r < 2. If 0 < r < 2, Corollary 5
predicts a stable 2-cycle in Model III.
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Fig. 2 Regions of attenuance and resonance in the α, β, r plane for the 2-periodic Beverton–Holt
model.

To determine the effects of periodicity on the 2-cycle, we use the formulas from
the appendix to obtain that Rd = sign(α(w1α + w2β)), where

w1 = −8k
(r − 2)2

,

w2 = −4k
r − 2

.

Since w1 < 0, Corollary 9 predicts that when the demographic characteristic is con-
stant, Model (8) always has an attenuant 2-cycle.

If 0 < r < 2 and α > 0,

Rd = sign
(

2
r − 2

α + β

)
,

and the 2-cycle is resonant (attenuant) when the relative strength of the fluctuation
of the demographic characteristic of the species is stronger (weaker) than 2

2−r times
the relative strength of the fluctuation of the carrying capacity.

If 0 < r < 2 and α < 0,

Rd = sign
(

2
2 − r

α − β

)
.

The regions of attenuance and resonance are determined by three equations in
α, β, andr. Figure 3 shows the graphs of these three equations

α = 0,
2

2 − r
α = β, r = 2,

and the regions of attenuance, denoted by A, and resonance, denoted by R.

Since these three surfaces intersect in a line, there is actually no changing from
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Fig. 3 Regions of attenuance (A) and resonance (R) in the α, β, r plane for the 2-periodic
Logistic model.

attenuance to resonance or resonance to attenuance as we cross the r = 2 plane.
From Figure 3, we see that it is much easier to have attenuance than resonance.

5.4. Model IV

When both the carrying capacity and the demographic characteristic are
2-periodically forced, then the model introduced by Hassell in 1974 becomes

x(t + 1) = x(t)
(1 + k(1 + α(−1)t ))r(1+β(−1)t )

(1 + x(t))r(1+β(−1)t )
. (9)

In Model IV, r > 0 and k > 0. From Table 1, in constant environment, the carrying
capacity, k, is asymptotically stable when rk < 2(1 + k). If rk < 2(1 + k), Corollary
5 predicts a stable 2-cycle in Model (9).

To determine the effects of periodicity on the 2-cycle, we use the formulas from
the appendix to obtain that Rd = sign(α(w1α + w2β)), where

w1 = 2k2(−1 − k + kr)
(−2 − 2k + kr)2

w2 = −2k(1 + k)
−2 − 2k + kr

.

Figure 4 shows the regions where w1 and w2 are either positive or negative.
Since w1 < 0 (w1 > 0), when

−1 − k + kr < 0 ( − 1 − k + kr > 0),
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Fig. 4 Regions in the kr -plane where w1 and w2 are positive and negative for the 2-periodic
Hassell model.

Corollary 9 predicts that when the demographic characteristic is constant, Model
(9) has an attenuant (resonant) 2-cycle, when

−1 − k + kr < 0 (−1 − k + kr > 0).

In particular, −1 − k + kr < 0 implies rk < 2(1 + k), the condition for stability of
the carrying capacity (see Table 1). The stable fixed point in constant environ-
ment of Model (9) can generate either a resonant or attenuant stable 2-cycle in a
periodic environment. That is, in Model (9), a periodic environment is not always
deleterious.

If α > 0,

Rd = sign
(

1
−2 − 2k + kr

(
k(−1 − k + kr)

(−2 − 2k + kr)(1 + k)
α − β

))
.

If, in addition, the carrying capacity is stable in constant environment, i.e.

rk < 2(1 + k),

then the 2-cycle is resonant (attenuant) when the relative strength of the fluctu-
ation of the demographic characteristic of the species is stronger (weaker) than

k(−1−k+kr)
(−2−2k+kr)(1+k) times the relative strength of the fluctuation of the carrying capacity.
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If α < 0,

Rd = sign
( −1

−2 − 2k + kr

(
k(−1 − k + kr)

(−2 − 2k + kr)(1 + k)
α − β

))
.

5.5. Model V

When both the carrying capacity and the demographic characteristic are
2-periodically forced, then the model introduced by Smith in 1974 becomes

x(t + 1) = x(t)
(k(1 + α(−1)t ))2 r(1 + β(−1)t )

(k(1 + α(−1)t ))2 + (r(1 + β(−1)t ) − 1)x(t)2
. (10)

In Model V, r > 1 and k > 0. From Table 1, in constant environment, the carrying
capacity, k, is always asymptotically stable, and Corollary 5 predicts a stable 2-cycle
in Model (10).

To determine the effects of periodicity on the 2-cycle, we use the formulas from
the appendix to obtain that Rd = sign(α(w1α + w2β)), where

w1 = kr(r − 4)
2

,

w2 = kr
r − 1

.

Since w1 > 0 (w1 < 0) when r < 4 (r > 4), Corollary 9) predicts that when the
demographic characteristic is constant, Model (10) can generate either resonant
or attenuant 2-cycles as in Model (9).

Since r > 1, if α > 0,

Rd = sign
(

r − 4
2

α + 1
r − 1

β

)
,

and the 2-cycle is resonant (attenuant) when the relative strength of the fluctuation
of the demographic characteristic of the species is stronger (weaker) than (1−r)(r−4)

2
times the relative strength of the fluctuation of the carrying capacity.

If α < 0,

Rd = −sign
(

r − 4
2

α + 1
r − 1

β

)
.

The regions of attenuance and resonance are determined by two equations in
α, β, andr. Figure 5 shows the graphs of these two equations

α = 0,
r − 4

2
α + 1

r − 1
β = 0,
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Fig. 5 Regions of attenuance and resonance in the α, β, r plane for the 2-periodic Smith Model V.

and the regions of attenuance, denoted by A, and resonance, denoted by R.

5.6. Model VI

When both the carrying capacity and the demographic characteristic are
2-periodically forced, then the model introduced by Smith in 1974 becomes

x(t + 1) = x(t)
(k(1 + α(−1)t ))c r(1 + α(−1)t )

(k(1 + α(−1)t ))c + (r(1 + α(−1)t ) − 1) (x(t))c . (11)

In Model VI, r > 1, c > 0, and k > 0. Our theory extends to models with more
than two parameters, where the extra parameters do not fluctuate. From Table 1,
in constant environment, the carrying capacity, k, is asymptotically stable when
c(r − 1) < 2r . If c(r − 1) < 2r, Corollary 5 predicts a stable 2-cycle in Model (11).

To determine the effects of periodicity on the 2-cycle, we use the formulas from
the appendix to obtain that Rd = sign(α(w1α + w2β)), where

w1 = 2kr(−r − 2c + cr)
(−2r − c + cr)2

w2 = −2kr
(−2r − c + cr)(r − 1)

.

Figure 6 shows the regions where w1 and w2 are either positive or negative.
Since w1 < 0 (w1 > 0), when

−r − 2c + cr < 0 ( − r − 2c + cr > 0),

Corollary 9 predicts that when the demographic characteristic is constant, Model
(11) has an attenuant (resonant) 2-cycle, when −r − 2c + cr < 0 (−r − 2c + cr >

0). If 0 < c < 1 or c > 3, as in Model (7), the stable fixed point in constant
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Fig. 6 Regions in the cr -plane where w1 and w2 are positive and negative for the 2-periodic
Smith model.

environment of Model VI always generates an attenuant stable 2-cycle in a pe-
riodic environment. If 1 < c < 3, as in Model (9), the stable fixed point in constant
environment of Model VI can generate a resonant or an attenuant stable 2-cycle
in a periodic environment. That is, in Model (11), a periodic environment is not
always deleterious.

If α > 0,

Rd = sign
(

1
−2r − c + cr

(−r − 2c + cr
−2r − c + cr

α − 1
r − 1

β

))
.

If, in addition, the carrying capacity is stable in constant environment, i.e.

c(r − 1) < 2r,

then the 2-cycle is resonant (attenuant) when the relative strength of the fluctu-
ation of the demographic characteristic of the species is stronger (weaker) than
(−r−2c+cr)(r−1)

−2r−c+cr times the relative strength of the fluctuation of the carrying capacity.
If α < 0,

Rd = sign
( −1

−2r − c + cr

(−r − 2c + cr
−2r − c + cr

α − β

))
.

We list the Rd values of all six models in the following table:
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Table 2 Rd for multiparameter periodic population models Rd = sign(α(w1α + w2β)).

Model number w1 w2

6 2k
r−2 − 2k

r−2

7 −4kr
(r+1)2

2kr
r2−1

8 −8k
(r−2)2

−4k
r−2

9 2k2(−1−k+kr)
(−2−2k+kr)2

−2k(1+k)
−2−2k+kr

10 kr(r−4)
2

kr
r−1

11 2kr(−r−2c+cr)
(−2r−c+cr)2

−2kr
(−2r−c+cr)(r−1)

6. 2-cycle population oscillations: 2-cycle bifurcation from unforced 2-cycle

In constant environments, simple (autonomous) unimodal population models such

A8

as the logistic and Ricker maps are capable of undergoing period-doubling bifurca-
tions. In this section, we illustrate that small 2-periodic perturbations of a 2-cycle of
Model (1), denoted by {x, y}, produce two 2-cycle populations, {x0, x1} and {y0, y1}
with x0, y1 near x and x1, y0 near y. These two 2-cycles reduce to the 2-cycle {x, y}
in the absence of period-2 forcing in the parameters.

Recall that in the absence of period-2 forcing our model reduces to

fk,r (x) = xg(k, r, x).

Unlike the previous sections, we now assume throughout that fk,r (x) has a 2-cycle,
{x, y}. Next, we proceed as in Theorem 2 and use the Implicit Function Theorem
to show that, for small forcing, two coexisting 2-cycles come off of {x, y}. In the
following result,

F(α, β, k, r, x) = fk(1−α),r(1−β) ◦ fk(1+α),r(1+β)(x).

Theorem 1. Assume fk,r (x) has a hyperbolic 2-cycle, {x, y}. Then for all suffi-
ciently small |α| and |β|, Model (2) has a pair of 2-cycle populations

{x0 = x0(α, β), x1 = x1(α, β)}
and

{y0 = y0(α, β), y1 = y1(α, β)}
where

lim
(α,β)→(0,0)

x0(α, β) = x, lim
(α,β)→(0,0)

x1(α, β) = y,

lim
(α,β)→(0,0)

y1(α, β) = x, lim
(α,β)→(0,0)

y0(α, β) = y,
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and x0(α, β), x1(α, β), y0(α, β), y1(α, β)are C3 with respect to α and β. If the
2-cycle, {x, y}, is locally asymptotically stable (unstable), then the two 2-cycles are
locally asymptotically stable (unstable).

Proof:

F(α, β, k, r, x) = fk(1−α),r(1−β)( fk(1+α),r(1+β)(x))

= xg(k(1 + α), r(1 + β), x)g(k(1 − α), r(1 − β),

xg(k(1 + α), r(1 + β), x)).

Consequently, F(0, 0, k, r, x) = x and F(0, 0, k, r, y) = y. The 2-cycle, {x, y}, is a
hyperbolic fixed point of f 2

k,r if

∣∣∣∣∣∂ f 2
k,r

∂x
(x)

∣∣∣∣∣ =
∣∣∣∣∂ fk,r

∂x
(x) · ∂ fk,r

∂x
(y)

∣∣∣∣ �= 1.

Hence,

∂ F
∂x

∣∣∣∣
(0,0,k,r,x)

= ∂ fk,r

∂x

∣∣∣∣
(y)

· ∂ fk,r

∂x

∣∣∣∣
(x)

= ∂ F
∂x

∣∣∣∣
(0,0,k,r,y)

�= 1.

As in the proof of Theorem 4, we apply the Implicit Function Theorem at
(0, 0, k, r, x) and (0, 0, k, r, y) to get

x0 = x0(α, β)

y0 = y0(α, β)

as two 2-parameter families of fixed points of F.

That is, x0(α, β) and y0(α, β) each gives us a 2-cycle for the 2-periodic dynamical
system

{ fk(1−α),r(1−β)(x), fk(1+α),r(1+β)(x)}.

Let x1(α, β) = fk(1+α),r(1+β)(x0(α, β)) and y1(α, β) = fk(1+α),r(1+β)(y0(α, β)). Note
that

x0(α, β) = fk(1−α),r(1−β)(x1(α, β))

and
y0(α, β) = fk(1−α),r(1−β)(y1(α, β)). �

7. Resonance versus attenuance: 2-cycle bifurcation from unforced 2-cycle

In Sect. 4, we developed a signature function, Rd, for determining whether the av-
erage total biomass is suppressed via attenuance or enhanced via resonance under
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the assumption that a 2-cycle must, for small forcing, be close to the carrying ca-
pacity. In this section, we obtain a signature function, Rd, under the assumption
that a 2-cycle must, for small forcing, be close to the 2-cycle of Model (1).

Recall that when the 2-cycle {x, y} is hyperbolic, Theorem 11 guarantees the
four 2-parameter families,

x0(α, β), x1(α, β), y0(α, β) and y1(α, β),

where x1(α, β) = fk(1+α),r(1+β)(x0(α, β)) and y1(α, β) = fk(1+α),r(1+β)(y0(α, β)).
Note that

x0(α, β) = fk(1−α),r(1−β)(x1(α, β))

and

y0(α, β) = fk(1−α),r(1−β)(y1(α, β)).

Let the linear expansion of these four 2-parameter families about (α, β) = (0, 0)
be

x0(α, β) = x + x01α + x02β,

x1(α, β) = y + x11α + x12β,

y0(α, β) = y + y01α + y02β,

y1(α, β) = x + y11α + y12β.

We now find formulas for the coefficients x0i , x1i , y0i , and y1i for each i ∈ {1, 2}.

x01 = −
∂ F
∂α

∣∣
(0,0,k,r,x)

∂ F
∂x

∣∣
(0,0,k,r,x) − 1

= −
−k ∂ fk,r

∂k

∣∣∣
(y)

+ ∂ fk,r

∂x

∣∣∣
(y)

·
(

k ∂ fk,r

∂k

∣∣∣
(x)

)
∂ fk,r

∂x

∣∣∣
(y)

· ∂ fk,r

∂x

∣∣∣
(x)

− 1
,

x02 = −
∂ F
∂β

∣∣∣
(0,0,k,r,x)

∂ F
∂x

∣∣
(0,0,k,r,x) − 1

= −
−r ∂ fk,r

∂r

∣∣∣
(y)

+ ∂ fk,r

∂x

∣∣∣
(y)

·
(

r ∂ fk,r

∂r

∣∣∣
(x)

)
∂ fk,r

∂x

∣∣∣
(y)

· ∂ fk,r

∂x

∣∣∣
(x)

− 1
,

y01 = −
∂ F
∂α

∣∣
(0,0,k,r,y)

∂ F
∂x

∣∣
(0,0,k,r,y) − 1

= −
−k ∂ fk,r

∂k

∣∣∣
(x)

+ ∂ fk,r

∂x

∣∣∣
(x)

·
(

k ∂ fk,r

∂k

∣∣∣
(y)

)
∂ fk,r

∂x

∣∣∣
(y)

· ∂ fk,r

∂x

∣∣∣
(x)

− 1
,

y02 = −
∂ F
∂β

∣∣∣
(0,0,k,r,y)

∂ F
∂x

∣∣
(0,0,k,r,y) − 1

= −
−r ∂ fk,r

∂r

∣∣∣
(x)

+ ∂ fk,r

∂x

∣∣∣
(x)

·
(

r ∂ fk,r

∂r

∣∣∣
(y)

)
∂ fk,r

∂x

∣∣∣
(y)

· ∂ fk,r

∂x

∣∣∣
(x)

− 1
.
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To compute the other four coefficients, we let F(α, β, k, r, x) = F(−α,−β, k, r, x)
and observe that

F(α, β, k, r, x1(α, β)) = x1(α, β)

and

F(α, β, k, r, y1(α, β)) = y1(α, β).

Then

x11 = −
∂ F
∂α

∣∣∣
(0,0,k,r,y)

∂ F
∂x

∣∣∣
(0,0,k,r,y)

− 1
= −

k ∂ fk,r

∂k

∣∣∣
(x)

+ ∂ fk,r

∂x

∣∣∣
(x)

·
(

−k ∂ fk,r

∂k

∣∣∣
(y)

)
∂ fk,r

∂x

∣∣∣
(y)

· ∂ fk,r

∂x

∣∣∣
(x)

− 1
,

x12 = −
∂ F
∂β

∣∣∣
(0,0,k,r,y)

∂ F
∂x

∣∣∣
(0,0,k,r,y)

− 1
= −

r ∂ fk,r

∂r

∣∣∣
(x)

+ ∂ fk,r

∂x

∣∣∣
(x)

·
(

−r ∂ fk,r

∂r

∣∣∣
(y)

)
∂ fk,r

∂x

∣∣∣
(y)

· ∂ fk,r

∂x

∣∣∣
(x)

− 1
,

y11 = −
∂ F
∂α

∣∣∣
(0,0,k,r,x)

∂ F
∂x

∣∣∣
(0,0,k,r,x)

− 1
= −

k ∂ fk,r

∂k

∣∣∣
(y)

+ ∂ fk,r

∂x

∣∣∣
(y)

·
(

−k ∂ fk,r

∂k

∣∣∣
(x)

)
∂ fk,r

∂x

∣∣∣
(y)

· ∂ fk,r

∂x

∣∣∣
(x)

− 1
,

y12 = −
∂ F
∂β

∣∣∣
(0,0,k,r,x)

∂ F
∂x

∣∣∣
(0,0,k,r,x)

− 1
= −

r ∂ fk,r

∂r

∣∣∣
(y)

+ ∂ fk,r

∂x

∣∣∣
(y)

·
(

−r ∂ fk,r

∂r

∣∣∣
(x)

)
∂ fk,r

∂x

∣∣∣
(y)

· ∂ fk,r

∂x

∣∣∣
(x)

− 1
.

Let

Rd(x) = w1xα + w2xβ

and

Rd(y) = w1yα + w2yβ,

where

wi x = x0i + x1i

and

wiy = y0i + y1i

for each i ∈ {1, 2}. As in Sect. 4, when the two 2-cycles come off of the 2-cycle in
the unforced model, the signature function Rd is a weighted sum of the relative
strengths of the oscillations of the carrying capacity and the demographic charac-
teristic of the species.
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Lemma 12. Assume fk,r (x) has a 2-cycle, {x, y}. Suppose

∂ F
∂x

∣∣∣∣
(0,0,k,r,x)

�= 1

and

∂ F
∂x

∣∣∣∣
(0,0,k,r,y)

�= 1.

Then for all sufficiently small |α| and |β| , Model (2) has a pair of 2-cycle
populations

{x0 = x0(α, β), x1 = x1(α, β)}
and

{y0 = y0(α, β), y1 = y1(α, β)},
where

Rd(x) + Rd(y) = 0.

The proof of Lemma 12 is in the appendix.
The next result shows that, under the assumption that a 2-cycle must, for

small forcing, be close to the 2-cycle of Model (1), the pair of two 2-cycles,
{x0(α, β), x1(α, β)} and {y0(α, β), y1(α, β)}, are respectively either resonant and
attenuant or vice versa; for most values of the relative strengths of the oscillations
of the carrying capacity and the demographic characteristic of the species.

Theorem 13. Assume fk,r (x) has a hyperbolic 2-cycle, {x, y}.If

x01 + x11 �= 0

and

x02 + x12 �= 0,

then for each fixed ratio of (α, β), except when

Rd(x) = (x01 + x11)α + (x02 + x12)β = 0,

there is a neighborhood of (0, 0) such that on one side

{x0(α, β), x1(α, β)} and {y0(α, β), y1(α, β)}
are attenuant and resonant, respectively. On the other side,

{x0(α, β), x1(α, β)} and {y0(α, β), y1(α, β)}
are also resonant and attenuant, respectively.
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The proof of Theorem 13 is in the appendix.
Another question is to compare the average of all four points on the two 2-cycles

with the average of x and y. Since Rd(x) + Rd(y) = 0, the answer to this question
comes from a second order form in (α, β). Let

Rd(x, y) = w11α
2 + w12αβ + w22β

2,

where

w11 = x011 + x111 + y011 + y111

w12 = x012 + x112 + y012 + y112

w22 = x022 + x122 + y022 + y122.

For a fixed ratio of (α, β), the sign of Rd(x, y) does not change. Thus, if
Rd(x, y) > 0 for some (α, β), the four points will give resonance for some small
values of (α, β). If Rd(x, y) is positive and negative for different choices of (α, β),
then the four points will give resonance for certain small values and give attenu-
ance for other small values.

8. Rd for classical 2-periodic population models:
2-cycle bifurcation from unforced 2-cycle

The Ricker and Logistic maps are capable of supporting 2-cycles (Models I and III
from Table 1). In this section, we use our theorems to study the combined effects
of fluctuating carry capacity and demographic characteristic on the average total
biomass of the species when 2-cycles come off of the 2-cycle in the unforced Logis-
tic or Ricker model. Specifically, we compute Rd and use it to illustrate parameter
regimes of attenuance and resonance of the 2-cycles that come off of the 2-cycle of
the unforced models.

8.1. Model I

When r = 2, the classic Ricker model undergoes period doubling bifurcation. The
carrying capacity becomes unstable and a stable 2-cycle is formed. In fact, the
Ricker model has a 2-cycle whenever r > 2.

Example 14. In the Ricker model, let r = 2.1 and k = 1.

With the above choice of parameters, the Ricker model has an attracting 2-cycle
at

{0.6292942674, 1.370705732}.
Calculating derivatives at these points yields

x01 + x11 = −8.518460 + 7.777049 = −0.741 41 �= 0
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and

x02 + x12 = −1.086682 + 1.828093 = 0.741 41 �= 0.

By Theorem 13, with the advent of 2-periodic forcing in Example 14, we usually
obtain two 2-cycles and one of these 2-cycles is attenuant while the other one is
resonant.

Next, we compare the average of the two 2-cycles together in the forced system
with the unforced single 2-cycle in Example 14. Calculating second partials, we
obtain that

w11 = −98.54947,

w12 = 154.47951,

w22 = 9.13211,

and Rd(x, y) = −98.54947α2 + 154.47951αβ + 9.13211β2.

Thus, when β is small compared to α, then the two 2-cycles are attenuant. How-
ever, when β > α the two 2-cycles are resonant.

For example when

α = 0.001 and β = 0

the two 2-cycles are

{1.362508521, 0.6382137735 and {0.6211238366, 1.378117170}.

The first one, {1.362508521, 0.6382137735}, is a resonant 2-cycle and the second
one, {0.6211238366, 1.378117170}, is an attenuant 2-cycle. The average of all the
four points is 0.9999908. Thus, Rd(x, y) < 0 and together the two 2-cycles are
attenuant.

For a second example, we reset the parameters α and β so that

α = 0.001 and β = 0.002.

In this case, the two 2-cycles are

{1.381722313, 0.6190423680} and {0.6404986537, 1.358785059}.

The first one, {1.381722313, 0.6190423680}, is a resonant 2-cycle and the second
one, {0.6404986537, 1.358785059}, is an attenuant 2-cycle. The average of all the
four points is 1.0000121. Thus, Rd(x, y) > 0 and together the two 2-cycles are
resonant.
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8.2. Model III

As in the Ricker model, when r = 2, the Logistic model undergoes period doubling
bifurcation. Similarly, its carrying capacity becomes unstable and a stable 2-cycle
is formed. The formulas for these period 2 points are

x =
(

1 + r
2

+
√

r2 − 4
2

)
k
r
,

y =
(

1 + r
2

−
√

r2 − 4
2

)
k
r
.

The Logistic model is more mathematically tractable and is the only population
model in Table 1 for which there are simple closed form formulas for the 2-cycle.
These formulas make it possible to determine the resonance and attenuance of the
two 2-cycles that form with the advent of period-two forcing.

The coefficients for the linear terms in the expansion for x0 and x1 are

x01 = −
(

2 + r + √−4 + r2
)2

k
(

2
√−4 + r2 − r2 + r

√−4 + r2
)

8r(4 − r2)
,

x02 =
(

2 + r + √−4 + r2
)

k
(√−4 + r2 − r + 2

)√−4 + r2

4r(4 − r2)
,

x11 = −
(
−2 − r + √−4 + r2

)2
k

(
2
√−4 + r2 + r2 + r

√−4 + r2
)

8r(4 − r2)
,

x12 =
(
−2 − r + √−4 + r2

)
k

(√−4 + r2 + r − 2
)√−4 + r2

4r(4 − r2)
.

Combining these give

w1x = x01 + x11 =
√

r2 − 4)k
r − 2

,

w2x = x02 + x10 = 0.

Since w2x = 0, the resonance of the new 2-cycle depends only on α. Since r > 2,

w1x > 0. When α > 0, this 2-cycle is resonant and the other one is attenuant.
To determine the resonance or attenuance of the two 2-cycles together, we need

to calculate the second order terms in the expansion of x0, x1, y0, and y1. These
are found by taking second partials of the equations

F(α, β, k, r, x0(α, β)) = x0(α, β)

F(α, β, k, r, y0(α, β)) = y0(α, β)



Bulletin of Mathematical Biology (2006)

F(α, β, k, r, x1(α, β)) = x1(α, β)

F(α, β, k, r, y1(α, β)) = y1(α, β),

and evaluating at α = 0, β = 0. We also use that the first order terms have already
been calculated. These equations are then solved for the appropriate second order
term. The 12 second-order terms are:

x011 = 2k(r3 − r2
√−4 + r2 − 2r

√−4 + r2 − 4r + 2
√−4 + r2)

r(r4 − 4r3 + 16r − 16)
,

x012 = − (r2 − 2
√−4 + r2)k

(−2 + r)r
√−4 + r2

,

x022 = k(r2 − 4 − √−4 + r2))
r(−4 + r2)

,

x111 = 2k(r3 + r2
√−4 + r2 + 2r

√−4 + r2 − 4r − 2
√−4 + r2)

r(r4 − 4r3 + 16r − 16)
,

x112 = (r2 + 2
√−4 + r2)k

(−2 + r)r
√−4 + r2

,

x122 = k(r2 − 4 + √−4 + r2))
r(−4 + r2)

,

y011 = 2k(r3 + r2
√−4 + r2 + 2r

√−4 + r2 − 4r − 2
√−4 + r2)

r(r4 − 4r3 + 16r − 16)
,

y012 = (r2 + 2
√−4 + r2)k

(−2 + r)r
√−4 + r2

,

y022 = k(r2 − 4 + √−4 + r2))
r(−4 + r2)

y111 = 2k(r3 − r2
√−4 + r2 − 2r

√−4 + r2 − 4r + 2
√−4 + r2)

r(r4 − 4r3 + 16r − 16)

y112 = − (r2 − 2
√−4 + r2)k

(−2 + r)r
√−4 + r2

,

y122 = k(r2 − 4 − √−4 + r2))
r(−4 + r2)

.

Using the four points from the two 2-cycles gives

Rd(x, y) = w11α
2 + w12αβ + w22β

2,
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where

w11 = x011 + x111 + y011 + y111,

w12 = x012 + x112 + y012 + y112,

w22 = x022 + x122 + y022 + y122.

Using the derived second-order terms gives

w11 = 8k
r2 − 4r + 4

,

w12 = 8k
r(−2 + r)

,

w22 = 4k
r

.

Substituting these expressions into Rd gives

Rd(x, y) = 8k
r2 − 4r + 4

α2 + 8k
r(−2 + r)

αβ + 4k
r

β2

= 8k

(r − 2)2 α2 + 8k
r(−2 + r)

αβ + 4k
r

β2

= 4k

(
2

(r − 2)2 α2 + 2
r(−2 + r)

αβ + r
r2

β2

)

≥ 4k

(
1

(r − 2)2 α2 + 2
r(−2 + r)

αβ + 1
r2

β2

)

= 4k
(

1
r − 2

α + 1
r
β

)2

≥ 0.

Thus, together the two 2-cycles in the Logistic model are always resonant.
Next, we consider specific examples of the Logistic model.

Example 15. In the Logistic model, Model III of Table 1, let

r = 3 and k = 1.

In this example, the 2-cycle of the unforced Model III is

{
5 + √

5
6

,
5 − √

5
6

}
.
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In addition, let

α = 0.001 and β = 0.001.

Then, the 2-periodically forced model has three 2-cycles. The 2-cycle off of the
unstable fixed point is

{1.002994090, 0.9969939095} ,

which is attenuant since its coordinates add up to less than 2. The two 2-cycles
coming off of the 2-cycle of the unforced Logistic model are

{0.4590456012, 1.205390950} and {1.206626976, 0.4622818075} .

The coordinates of the first 2-cycle add up to 1.664436551 < 5
3 , while that of the

second 2-cycle add up to 1.668908784 > 5
3 . That is, the first one is an attenuant

2-cycle and the second one is resonant. Adding all four of the points of the two
2-cycles together gives 3.333345334 > 10

3 . As predicted, together the two 2-cycles
are resonant.

9. Conclusion

There have been many experimental and theoretical studies on the effects of fluc-
tuating environments on populations (Moran, 1950; Nicholson, 1954; Ricker, 1954;
Beverton and Holt, 1957; Utida, 1957; Pennycuick et al., 1968; Smith, 1968; Hassell,
1974; May, 1974a,b; Smith, 1974; Hassell et al., 1976; May and Oster, 1976; May,
1977; Coleman, 1978; Fisher et al., 1979; Jillson, 1980; Rosenblat, 1980; Nisbet and
Gurney, 1982; Nobile et al., 1982; Coleman and Frauenthal, 1983; Rosenkranz,
1983; Kot and Schaffer, 1984; Cull, 1986, 1988; Rodriguez, 1988; Yodzis, 1989; Li,
1992; Kocic and Ladas, 1993; Elaydi, 1994; Begon et al., 1996; Henson and Cushing,
1997; Costantino et al., 1998; Henson, 1999, 2000; Henson et al., 1999; Elaydi, 2000;
Cushing and Henson, 2001; Selgrade and Roberds, 2001; Elaydi and Yakubu, 2002;
Cull, 2003; Elaydi and Sacker, 2003, 2005, in press-a,b; Yakubu, 2005; Kocic, in
press; Kon, in press-a,b). In constant environments, many classical, discrete-time
single-species, population models have at least the two parameters, carrying capac-
ity and demographic characteristic of the species (Moran, 1950; Nicholson, 1954;
Ricker, 1954; Beverton and Holt, 1957; Pennycuick et al., 1968; Smith, 1968; Has-
sell, 1974; May, 1974a,b; Smith, 1974; Hassell et al., 1976; May and Oster, 1976;
May, 1977; Nisbet and Gurney, 1982; Rosenkranz, 1983; Cull, 1986; Cull, 1988,
2003; Yodzis, 1989; Begon et al., 1996; Elaydi, 2000; Cushing and Henson, 2001;
Franke and Yakubu, 2005a,b,c). The studies predict that populations are either en-
hanced or suppressed by periodic environments. In most theoretical studies, with
only a few exceptions (see Kot and Schaffer, 1984; Rodriguez, 1988), only one pa-
rameter is periodically forced. It is known that unimodal maps under period-2 forc-
ing in two model parameters routinely have up to three coexisting 2-cycles (Kot
and Schaffer, 1984). Our results on ecological models with 2-periodically forced
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two model parameters support these predictions. We prove that small 2-periodic
fluctuations of both the carrying capacity and the demographic characteristic of
the species induce 2-cyclic oscillations of the populations. Furthermore, our re-
sults predict both attenuance and resonance in population models with two pa-
rameters that are 2-periodically forced. We introduce a signature function, Rd, for
determining the response of discretely reproducing populations to periodic fluc-
tuations of both their carrying capacity and demographic characteristic. Rd is the
sign of a weighted sum of the relative strengths of the oscillations of the carry-
ing capacity and the demographic characteristic of the species. The periodic en-
vironments are deleterious for the population when Rd is negative. However, the
environments are favorable to the population when Rd is positive. Our results
predict that a change in the relative strengths of the environmental and demo-
graphic fluctuations can shift the system from attenuance to resonance and vice
versa.

We compute Rd for six periodically forced classical ecological models, and use
Rd to determine regions in parameter space that are either favorable or detri-
mental to the population. Next, we discuss three of the six models to illustrate
the important points, where the periodic carrying capacity first decreases and then
increases back to its initial value (relative strength, α > 0), and in constant envi-
ronments each model has a stable carrying capacity.

For the Ricker model, with the advent of periodicity, the stable 2-cycle is reso-
nant (attenuant) when the relative strength of the fluctuation of the demographic
characteristic of the species is stronger (weaker) than the relative strength of the
fluctuation of the carrying capacity.

In 2-periodic environments, the stable 2-cycle of the classic Beverton–Holt
model is resonant (attenuant) when the relative strength of the fluctuation of
the demographic characteristic of the species is stronger (weaker) than about two
times the relative strength of the fluctuation of the carrying capacity.

The classic Maynard Smith model, Model V, has a stable carrying capacity. In 2-
periodic environments, its stable 2-cycle is resonant (attenuant) when the relative
strength of the fluctuation of the demographic characteristic of the species, r , is
stronger (weaker) than (1−r)(r−4)

2 times the relative strength of the fluctuation of
the carrying capacity.

Furthermore, we prove that small 2-periodic perturbations of a 2-cycle of the
unforced system produce two (coexisting) 2-cycle populations. We compute Rd for
the coexisting 2-cycles. Typically, if the unforced 2-cycle is unstable (stable) we get
two unstable (stable) 2-cycles. In the Ricker model, we use examples to illustrate
attenuant and resonant 2-cycles. However, in the Logistic model, together the two
(coexisting) 2-cycles are always resonant.

Response of populations to periodic environments is a complex function of the
period of the environments, the carrying capacities, the demographic characteris-
tics, and the type and nature of the fluctuations. Our examples have highlighted
some of these relationships via the signature function Rd and the model param-
eters. Typically, our examples seem to indicate that an amplitude of oscillation
of demographic characteristics greater than that in carrying capacity is needed to
produce a resonant 2-cycle. Further investigations on these and their biological
implications are welcome.
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Appendix

In this appendix, we obtain formulas for w1, w2 and provide proofs for Lemma 12
and Theorem 13.

First, we obtain formulas for w1 = x011+x111
2 and w2 = x012+x112

2 in terms of r, k, g,
and g′s partial derivatives.

Using the Implicit Function Theorem on

F(α, β, k, r, x) = xg(k(1 + α), r(1 + β), x) g(k(1 − α), r(1 − β),

xg(k(1 + α), r(1 + β), x) ) .

as in the proof of Theorem 4, we obtain the first derivative of x0(α, β) at (0, 0) to
be

x01 = − k2 ∂g
∂k

2 + k∂g
∂x

.

Since

x1(α, β) = fk(1+α),r(1+β)(x0(α, β)) = x0(α, β)g(k(1 + α), r(1 + β), x0(α, β)),

2x111 = ∂2 [x0(α, β)g(k(1 + α), r(1 + β), x0(α, β))]
∂α2

∣∣∣∣
(α,β,k,r,x)=(0,0,k,r,k)

.

Similarly,

x0(α, β) = fk(1−α),r(1−β)(x1(α, β)) = x1(α, β)g(k(1 − α), r(1 − β), x1(α, β))

implies

2x011 = ∂2 [x1(α, β)g(k(1 − α), r(1 − β), x1(α, β))]
∂α2

∣∣∣∣
(α,β,k,r,x)=(0,0,k,r,k)

.

Therefore,

2 (x111 + x011) = 2
(

1 + k
∂g
∂x

)
(x111 + x011) +

(
2k

∂2g
∂x2

+ 4
∂g
∂x

)
x2

01

+
(

4k
∂g
∂k

+ 4k2 ∂2g
∂x∂k

)
x01 + 2k3 ∂2g

∂k2
,
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where all partial derivatives are evaluated at (k, r, k). Thus,

w1 =
(

k∂2g
∂x2 + 2 ∂g

∂x

)
x2

01 +
(

2k∂g
∂k + 2k2 ∂2g

∂x∂k

)
x01 + k3 ∂2g

∂k2

−2k∂g
∂x

.

Similarly,

w2 = −
(

r ∂g
∂r + kr ∂2g

∂x∂r

)
x01 + k2r ∂2g

∂k∂r

k∂g
∂x

.

Now substitute in x01 = − k2 ∂g
∂k

2+k ∂g
∂x

we obtain

w1 =

(
k∂2g

∂x2 + 2 ∂g
∂x

) (
k2 ∂g

∂k

2+k ∂g
∂x

)2
+

(
2k∂g

∂k + 2k2 ∂2g
∂x∂k

) (
− k2 ∂g

∂k

2+k ∂g
∂x

)
+ k3 ∂2g

∂k2

−2k∂g
∂x

and

w2 = −

(
r ∂g

∂r + kr ∂2g
∂x∂r

) (
− k2 ∂g

∂k

2+k ∂g
∂x

)
+ k2r ∂2g

∂k∂r

k∂g
∂x

,

where all of the derivatives are evaluated at (k, r, k).

Proof of Lemma 12. By Theorem (11), Model (2) has a pair of 2-cycle
populations

{x0 = x0(α, β), x1 = x1(α, β)}
and

{y0 = y0(α, β), y1 = y1(α, β)},

for all sufficiently small |α| and |β|.
Next, we show that Rd(x) + Rd(y) = 0.

x01+x11+y01+y11=

−
−k ∂ f

∂k

∣∣∣
(k,r,y)

+ ∂ f
∂x

∣∣∣
(k,r,y)

∗
(

k ∂ f
∂k

∣∣∣
(k,r,x)

)
∂ f
∂x

∣∣∣
(k,r,y)

∗ ∂ f
∂x

∣∣∣
(k,r,x)

− 1
+−

k ∂ f
∂k

∣∣∣
(k,r,x)

+ ∂ f
∂x

∣∣∣
(k,r,x)

∗
(

−k ∂ f
∂k

∣∣∣
(k,r,y)

)
∂ f
∂x

∣∣∣
(k,r,y)

∗ ∂ f
∂x

∣∣∣
(k,r,x)

− 1
+

−
−k ∂ f

∂k

∣∣∣
(k,r,x)

+ ∂ f
∂x

∣∣∣
(k,r,x)

∗
(

k ∂ f
∂k

∣∣∣
(k,r,y)

)
∂ f
∂x

∣∣∣
(k,r,y)

∗ ∂ f
∂x

∣∣∣
(k,r,x)

− 1
+−

k ∂ f
∂k

∣∣∣
(k,r,y)

+ ∂ f
∂x

∣∣∣
(k,r,y)

∗
(

−k ∂ f
∂k

∣∣∣
(k,r,x)

)
∂ f
∂x

∣∣∣
(k,r,y)

∗ ∂ f
∂x

∣∣∣
(k,r,x)

− 1
= 0.
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Similarly,

x02 + x12 + y02 + y12 = 0.

This completes the proof.

Proof of Theorem 13. To investigate the resonance or attenuance of
{x0(α, β), x1(α, β)} we need to look at

x0(α, β) + x1(α, β) − (x + y) = Rd(x) + higher order terms.

Approaching the origin from one side along a fixed ratio of (α, β) guarantees that
the sign of Rd(x) does not change and that it eventually dominates the higher
order terms. The sign of Rd(x) changes as we move to the other side of the
origin. Thus if Rd(x) > 0 on one side of the origin, {x0(α, β), x1(α, β)} is reso-
nant on this side and attenuant on the other side. By the last lemma, Rd(x) =
−Rd(y) and hence {y0(α, β), y1(α, β)} will eventually be attenuant on the side where
{x0(α, β), x1(α, β)} is resonant and will eventually be resonant on the side where
{x0(α, β), x1(α, β)} is attenuant. This completes the proof.
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