
Persistence of Fixed Point Theorem

Let fi(r) be Cl and,f.ro(rs) = ro. Assume that / i"("0) I 1. Then there is
a rectangle U about ()o,ro), an interval.15()6) and

a.fr,(zo) |

9()) : 16()s) --- lR such that 9(.\s) : o0, 9/()0) : - tT-l^:^',  ;nr-r)  -  1

and

{( ) , " )  eU: f { r ) -  r } :  { ( ) , " )  e U:r :9(^) , )  e /6( . \s)  } .

Tangent Bifurcation Theorem (Saddle-Node bifurcation)

Let f{r) be C2 and .fr"(ro) : r0. Assume that
a. f  'so(rs) :1.
b. f  ' ! , "("0) *0.
c. %f')1. . +0.

I   :  

^

Then there is a reltangle [/ about ()o,zo), an interval 15(16) and

p(r) : I5(rs)--+ lR such that p(rs) : \o,p'(ro) : 0,p" (ro) : - =! 
'i"\*! 

+ OoJ .r  (zo)
a) t .

and

{( ) , r ) 'e U :  f { r )  -  r  }  : { ( ) , " )  eU :  \ :  p(r)} .



Simple Pitchfork Bifurcation

Let f{r) be C3 and ,fi.(O) : 0. Assume that
a. ,fr(O) :0 for all ) near )6.
b. / i . (o) : r .
c. / i " (O):0.
d.  f , {" (o)*o.
e %El.  .  +o'

I   :  O

Then there is a rectangle [/ about ()0,0), an interval 15(0) and

p(r) :15(0)-- ]R'suchthatp(0):)o 'p,(0):0,p, , (0) :_&7o

o -- I -1.

and

{( ) , r )  eU: f1,(r) : r  and n+0}:  { ( ) ,  r )  eU: ) :p(r) ,  andr l0} .

Simple Period Doubling Bifurcation

Let f{r) be C3 and .f.ro(0; :0. Assume that
a. "fr(0) 

:0 for all ) near )s.
b. / i. (0) : -1.
c. (f3,")"'(o) I o.
d. u(ri l,rorl 

+0.oA I
lA=.\e

Then there is a rectangle U about ()0,0), an interval /6(0) and

p(r) : I5(0)--+ lR such that p(0) : )o,p'(0) : 0,p,,(0) : - Vii,"' \,0) * O
3 el++(o) |

l . l :1o

and

{(,r,") e U : fl(r) : r and. 
" * 0} : {(), r) e U : A : p(r), and, r I 0} .



Period Doubling Bifurcation

Let fl,(r) be C3 and "f.ro(rs) 
: ro. Assume that

a. ./  i"(ro) : -t .
b. (f?,"),,, @d * o.

c. a(r i) l t"ot l  
*oa) l

I  A:)o
Then there is a rectangle [/ about (lo,ro), an interr,al 15(rs) and

l . t t t t t t  '

p(r) :  I5(rs) *  IR such that p(zs) :  \o,p'(rd:0,p"(ro):  -  a(/1: /  
t fo '  

+ O
o o1,r ! ) , ( ro)  |  

,
,T l^:^o

and

{() ,")  eU :  f l (n) :  z and f>,(")  *r}  :  { ( ) ,  r )  eU :  ) ,  :  p(r) ,  ar 'd n I  rg} .

Simple Transcritical Bifurcation Theorem

Let fi(r) be C2 and .f.ro(O; :0. Assume that
a. fi(0) :0 for a,]l ).
b. / i " (o) :1.
c.  f  i , ,Q)+0.
d. ut#o, l  + ooA t \  \

I   :  A

Then there is a rettangle U about ()0,0), an interval 15(0) and

p(r) : I5Q) --+ IR. such t"hat p'(0) I 0

and

i() , " )  €( t :  f { r ) : r  and r*0}:  { ( ) ,  r )  eU: \ :p(r) , r  € 1r(0) antdr l0} .


